Abstract. -A statistical-thermodynamic theory of the phenomenon of stimulated amplification of the population of excitons which lie at the bottom of their lowest-energy band is presented. The experimentally detected "packet" of excitons flowing ballistically is shown to consist of a Schrödinger-Davydov solitary wave, dressed with a cloud of incoherent excitons. Moreover, a secondary excitation by a c.w. laser beam promotes a Fröhlich-Bose-Einstein-like condensation, which is responsible for the relevant phenomenon that the lifetime of the soliton is largely increased with increasing pumping power.
Recently, the phenomenon of stimulated amplification of low-energy exciton populations has been evidenced (the term "excitoner" or "exciton boser" has also been coined for this phenomenon on the basis of the resulting amplification of a cloud of coherent excitons using random excitons, much as a laser beam can be amplified with incoherent photons) [1, 2] . The experiment consists in that a laser beam pulse incident on the sample front produces a gas of excitons, a c.w. laser pumps energy on this photoinjected excitons, and a packet of them is detected on the other side of the platelet. We proceed with a theoretical analysis of the phenomenon on the basis of a nonequilibrium ensemble formalism for statistical thermodynamics (dubbed MaxEnt-NESOM), and we resort to Zubarev's approach [3, 4] . It is shown that the signal is consistent with the propagation of a weakly damped Schrödinger-Davydov soliton [5] dressed with a cloud of incoherent excitons. Moreover, the nonlinearities that are responsible for the formation of the soliton are also responsible for the manifestation of what we call Fröhlich effect [6] , sometimes referred to as a Bose-Einstein condensation in nonequilibrium phases: a misleading name which we avoid introducing, thus recognizing the contribution of the renowned late Herbert Fröhlich. For the case of excitons Fröhlich model seems to have been firstly adapted by Duffield [7] , and later on by Tikhodeev and by Imamoglu et al. [8] .
An explanation of the phenomenon on the basis of solitary wave propagation has been considered by Loutsenko and Roubtsov [9] . But they are disregarding dissipative effects which rapidly would damp out the excitation. This is not what is observed in the experiment, which also shows the important property of an increase of amplitude and narrowing bandwidth with increasing intensity of the c.w. pumping source. Our point, as we demonstrate below, is that a Schrödinger-Davydov soliton propagating in Fröhlich condensate has its lifetime greatly increased as a result of the nonlinear kinetics which is also responsible for Fröhlich effect and soliton formation, a phenomenon of large relevance for eventual technological application of the "excitoner".
The Hamiltonian which describes this system is composed of the energy operator for the exciton gas; the lowest exciton state (n = 1) is considered and the exciton energy dispersion relation is
, with R x y being the excitonic Rydberg ( 150 meV in Cu 2 O), k runs over the Brillouin zone, M is the mass of the exciton ( 2.7m 0 in Cu 2 O) and zero of energy is at the bottom of the conduction band. The exciton gas produced by the exciting ultrashort beam interacts with the lattice (exciton-phonon interaction), but differently to the case of free carriers, the interaction with optical phonons can be neglected in comparison with the one associated with the acoustical phonons, with the interaction Hamiltonian given by
where M k k is the matrix element, a (a † ) and b (b † ) the annihilation (creation) operators for excitons and acoustic phonons, respectively, in the corresponding states and modes [10] . We take the excitons as boson-like particles, once it is taken into account that
a k , and for the concentrations involved in the present case the average value of η k is much smaller than one.
The Hamiltonian of eq. (1) provides the kinetic equations for the exciton population with a contribution which is the same as given in [11] once excitons enter in place of the polar vibrations. The interaction with the electromagnetic field of the c.w. laser and the one associated to spontaneous recombination effects (luminescense) [10] are also included. Other interactions leading to relaxation effects are incorporated in the kinetic equations on a phenomenological basis. Once the Hamiltonian has been defined we need to introduce the statistical thermodynamic level of description, what we do -as noticed-resorting to MaxEnt-NESOM. The first fundamental step is the choice of the relevant macrovariables (or mesovariables in this case) for the description of the nonequilibrium thermodynamic state of the system. In analogy with the case in [11] we introduce the time-dependent exciton populations which we call ν k (t), and the energy of the acoustic phonons E B (t) (B for bath) with these phonons assumed to constantly remain in equilibrium with an external reservoir at temperature T 0 (2 K in the experiment of ref. [2] ), and then E B is time independent. The accompanying intensive nonequilibrium thermodynamic variables (Lagrange multipliers in the variational approach to MaxEnt-NESOM [3, 4] ) are designated by F k (t) and β 0 = (k B T 0 ) −1 , respectively, the latter being the reciprocal of the reservoir temperature since the thermal bath is described by a canonical distribution in equilibrium. Variables ν k and F k are connected, once the corresponding calculations in MaxEnt-NESOM are performed, by the expression
Alternatively, the intensive thermodynamic variable F k (t) can be rewritten in either of two forms: one is
for each state |1, k , as is done for phonons in semiconductor physics [12] , and the other is
for each state |1, k , as proposed, for example, by Fröhlich [6] and Landsberg [13] . The equations of evolution for the mesoscopic variables ν k (t) are calculated in the MaxEnt-NESOM-based kinetic theory [3, 4, 14, 15] , and since the interactions are weak the Markovian approximation is used [16] . They are completely similar to those in [11] , however noticing that a term involving interaction of one exciton and two phonons is not present. Instead we need to take into account the interaction which leads to recombination and dissociation effects [10] , and then in the equations of evolution, eq. (8) in [11] , the reciprocal relaxation time τ −1 k is now to be interpreted as the addition of the reciprocals of recombination and dissociation times (Mathiessen rule). But the former is in Cu 2 O an order of magnitude shorter than the latter and then is the predominant one.
Without going into detail we notice the quite relevant result that, once the steady state (ss) has been achieved (under the action of the constant pumping source), the populations are given by
where
and the cumbersome expression for N K is omitted, since it is not relevant for the analysis in continuation.
Since the increasing intensity of the pumping source leads to increasing values of the steadystate populations, we can notice on inspection of eq. (4) that, of the two terms containing the energy-conserving delta-funcion, 1) for ω k > ω k there survives the first one (the other cannot satisfy energy conservation), while 2) for ω k < ω k the surviving one is the second (the last in the equation, and now the other one cannot satisfy energy conservation). Consequently, in case 1) the quantity Γ k increases and in case 2) it decreases: Hence, with increasing values of the intensity of the pumping source, the population of the states lowest in energy is the population largely enhanced at the expenses of the other modes highest in energy. The situation is exactly the same as in the case of ref. [11] , whose general results, mutatis mutandis, then apply to the present case. Because of these particular characteristics of the phenomenon it has sometimes been called a Bose-Einstein-like condensation. We illustrate numerically these results considering Cu 2 O in the conditions of the experiment of ref. [2] .
The front of a platelet of 0.22 cm is illuminated with a laser pulse with λ = 532 nm, 10 ns duration, and intensity ≈ 6.3 MW cm −2 , while illumination is imposed by a c.w. laser with λ = 605.4 nm, and 4 W cm −2 of intensity (at this wavelength the attenuation length is roughly 30 cm −1 ). We also use for the mass of the exciton M = 2.7m 0 , a static dielectric constant, 0 = 10, and the optical one, ∞ = 4. Moreover, we consider a nearly wave-vectorindependent recombination, i.e. τ k ≡τ in eq. (4), which is used as a scaling parameter defining a scaled timet = t/τ . In the calculations we takeτ of the order of 0.1 µ s and the strength of the contribution from the interaction between an exciton with two phonons is of the order 1 ns −1 [2, 17] . Figure 1 shows an average of the populations in the steady state where the mode labelled with index "c" corresponds to the low-lying-in-energy excitons, and index "n" to excitons higher in energy, depending on the quantity S = Iτ (I is the rate of exciton production generated by the constant source, which we take as being the same ( k-independent) for each exciton state). In the inset the evolution of the quasi-chemical potentials in the form β 0 µ c(n) is described. We can notice that the quasi-chemical potential β 0 µ c never becomes positive, i.e. µ c is always negative and different from zero, but tends asymptotically to this value as the pumping intensity tends to infinity; hence a, say, Bose-Einstein-like condensation does not occur. We stress that what emerges is a large amplification of the populations over a certain region of the exciton states low in energy, constituting the so-called Fröhlich condensate. It is worth noticing that there follows the presence of a kind of "two-fluid system": excitons in the Fröhlich condensate (a "superphase") and incoherent excitons in a "normal phase", similarly to the situation shown by fig. 7 in [11] (hence the indices c and n used for the characteristic modes in fig. 1 ). One can notice the expected result that, as the intensity of the source S = Iτ increases, the "normal" mode saturates with an average population of ∼ 0.04, while the mode in the condensate steeply increases with S. This is the result that a very large number of exciton states transfer the energy, that they are receiving from the pump, to the reduced number of exciton states in what constitutes the Fröhlich condensate.
Let us next go over the formation of the Schrödinger-Davydov soliton. The creation, a † k , and annihilation, a k , operators in exciton states |1, k averaged over the nonequilibrium ensemble define the amplitudes a k |t and a † k |t = a k |t * , which satisfy the equations
and the equation for a † k |t is the complex conjugated of this. In eq. (5) Γ k is the quantity given by eq. (4), which, clearly, is the reciprocal of a relaxation time; W k is a frequency- renormalization factor which is neglected; and R k k is the strength of the trilinear term (we do not give its cumbersome expression which is not explicitly used in what follows). Once the populations have achieved a steady state, the reciprocal lifetimes Γ of eq. (4) for the two states of fig. 1 are shown in fig. 2 for increasing values of the intensity of the pumping source. This clearly tells us that the states lowest in energy tend to have a longlived amplitude a q |t . To proceed further in the equation for this amplitude we neglect the linear terms coupling it with its conjugate; this can also be obtained from the start if one introduces the so-called rotating wave approximation (RWA), as is done in laser theory [18] . To describe the linear propagation of the excitation we introduce the amplitude field in a one-dimensional continuum model, namely
where x is the direction of propagation of the excitons' beam. Using eq. (5) in RWA, we obtain that ψ(x, t) satisfies the equation
where Γ and R are the expressions in direct space of the corresponding quantities in eq. (5), and L is the length of the platelet. Proceeding on the ansatz that a narrow solitary wave is to follow, we introduce a local-in-space approximation writing Γ(
, and then eq. (7) becomes
Using the inverse-scattering method we obtain the solution of this equation, which is
where A is the amplitude; But in eq. (6), as shown, the amplitudes corresponding to the states highest in frequency decay very rapidly -typically in the subpicosecond scale-while the amplitudes associated to the states lowest in energy have long lifetimes. Thus, after a very rapid transient, the quantity ψ(x, t) of eq. (9) is solely composed by the latter type of coherent excitons with γ s being small (it goes to zero as the intensity I of the exciting source goes to infinity; cf. fig. 2 ).
Using eq. (9) for the experiment of ref. [2] , and that W v s is of the order of the width of the signal which is roughly 20.8 µs −1 , and taking A 0.87 (resulting from best fitting in fig. 3 ), the strength in the nonlinear terms responsible for the Fröhlich and Davydov phenomena can be estimated to be |G| ≈ 2000 s −1 . These results then indicate that the packet of excitons flowing ballistically (in ref. [2] with a velocity of roughly 4.5×10 5 cm/s) is an exciton-composed Schrödinger-Davydov soliton arising out of a Fröhlich condensate. This is reinforced by the fact that a larger amplitude of the signal is recorded when the c.w. laser is present, as compared with the one in its absence as reported in ref. [2] , which is consistent with the result that the lifetime of the soliton is increased with increasing levels of excitation [19, 20] .
As shown in fig. 3 the profile of the signal in ref. [2] is well fitted by the squared hyperbolic secant of eq. (9) characteristic of a Schrödinger-Davydov soliton with negligible γ s [5] . To draw the full line -the theoretical calculation-we have taken into account that the detected signal is composed of the solitary wave formed by the coherent excitons plus the contribution of an accompanying cloud of incoherent excitons. The former, as noticed, consists of the squared modulus of the Schrödinger-Davydov soliton-field amplitude of eq. (9); the other is composed by the travelling normal excitons produced in the active region defined by the extinction length of the laser field, of the order of 0.033 cm, which are decaying with a half-time of the order of 0.5 µ s; these are the parameters used in the calculation.
Furthermore, we notice that in [21] it has been shown that, in the case when the soliton is composed of vibrational modes propagating with a speed v s larger than the average velocityv of the normal vibrational background, there follows a kind of Cherenkov effect (two Cherenkov cones, a normal one and an anomalous however symmetric one in this case) composed in [21] of phonons instead of the photons in radiation theory. This effect is apparently evidenced in the case of propagation of solitons involving vibrational modes in experiments with ultrasound waves, the so-called "X-waves" [22] . Consequently, although the excitons are not truly bosons it can be conjectured, using the same arguments as in [21] , that when the exciton-composed soliton is travelling with a speed larger than that of the incoherent excitons, the latter may be preferentially driven in two Fröhlich-Cherenkov-like symmetrically opposed cones. It results that, using eqs. (2) and (4) and the same handling as in [19] , In conclusion, the phenomenon of stimulated amplification of low-energy exciton populations arises as a result of the propagation of coherent excitons in the form of a long-lived Schrödinger-Davydov soliton accompanied with a cloud of noncoherent excitons. The relevant point, and an important one for eventual technological use, is that the lifetime is largely increased by illuminating the system with a constant energy-pumping source: this improves the amplitude of the signal, and reduces the width at half-height, as the experimental results show.
